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Abstract
This paper is concerned with the number of rooted simple bipartite maps on the plane according
to the root-face valencies and the number of edges of the maps. An explicit formula with one
parameter is given. Furthermore, a special kind of rooted simple bipartite maps on the projective
plane are counted and, as special cases, recursive formulae for maps with fewer faces on the
projective plane are presented as well. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Maps considered here are combinatorial (this is, in fact, one of numerous equivalent
models of topological maps). Concepts and terminologies not mentioned can be found
in [16,21]. Let X be a =nite set and K = {1; ; ; } be the Klein group of four
elements. Then a map on a surface is such a permutation P on X=
⋃m
i=1Kxi (where
xi ∈X ) that all the orbits of P consist of conjugate pairs as (x;Px; : : : ;Pkx) and
(x; P−1x; : : : ; P−kx) (which are considered as the vertices) and the group generated
by {P; ; } is transitive on X as shown in [21]. Faces are conjugate pairs of orbits
of the permutation P. A map is rooted if an element, say r, is marked. Two rooted
maps are considered the same if there is an isomorphism preserving the rooting. A
simple bipartite graph embedded in a surface is also called a simple bipartite map on
it. It is easy to see that the boundary of any face in a simple bipartite map has its
length even.
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In the 1960s, Tutte [18] =rst made an enumeration of planar Eulerian maps (which
are involved in the bipartite maps). Later, Brown discussed planar quadrangulations
[8]. For enumeration of c-nets, Mullin and Schellenberg studied the usage of regular
maps [17]. Since then, the theory initiated by Tutte has been developed and deepened
by several people such as Tutte [19–21], Brown [9], ArquJes [1], Walsh and Lehman
[22,23], Bender et al. [2–3], Gao [10,11], and Liu [13–14]. For a survey one may
see [6].
In this paper, rooted planar simple bipartite maps are counted according to the num-
ber of edges and root-face valency and a formula is given. Further, the number of a
kind of rooted simple bipartite maps on the projective plane is investigated and a para-
metric expression (through which an explicit formula may be obtained by Lagrangian
inversion) for such maps is presented. As special cases, formulae (including Tutte’s
[19]) for those with fewer faces are concluded.
2. Planar maps
Let B denote the set of rooted simple bipartite maps on the plane and
f =
∑
M∈B
xm(M)ys(M)zn(M)
be its enumerating function (where, m(M); s(M); and n(M) are, respectively, the root-
face valency, the number of edges, and the number of inner faces (i.e., non-root faces)
of M).
Theorem A. The enumerating function of B satis7es
x2yf2 −
(
x2yz
1− x2 + z(f
∗ − 1) + 1
)
f +
(
x2yz
1− x2 + z
)
f∗ + 1− z = 0;
where f∗ = f(1; y; z).
This generalizes a result of Liu [16, Section 7:4] which was failed to be solved in
view of power series with coeMcients as sums of positive terms. Here solutions with
one or two variables are presented within the application of Lagrangian inversion as
shown later. For a reference on Lagrangian inversion, one may see [12].
If f(x; y; z) is rewritten as
f(x; y; z) =
∑
k¿0
kzk ;
then k is the enumerating function of rooted planar simple bipartite maps with k + 1
faces.
Corollary 2.1 (Tutte [19]). The enumerating function of rooted trees satis7es
x2y20 − 0 + 1 = 0:
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If the coeMcients of z is considered, we see.
Corollary 2.2. The enumerating function of rooted planar unicycled simple bipartite
maps satis7es
(2x2y0 − 1)1 + x
2y(0(1; y)− 0)
1− x2 − (0 − 1)(0(1; y)− 1) = 0:
Theorem B. The number of rooted simple bipartite maps on the plane with m (m¿2)
edges is
1
m!
D(m−1)t=0
{
(t + 1)2m
(1− t2=(1− t))m
(1− 3t)
(1− t)3
}
; (1)
i.e.;
1
m


∑
j+k+2n=m−1
(
m+ n− 1
n
)(
n+ k + 2
k
)(
2m
j
)
− 3
∑
j+k+2n=m−2
(
m+ n− 1
n
)(
n+ k + 2
k
)(
2m
j
)
 ;
where
D(m−1)t=0 f =
dm−1f
dtm−1
∣∣∣∣
t=0
:
Further; the function f(x; y; 1) of Theorem A may be expressed as
f(x; y; 1) =
∑
m;n¿0
am
8(m+ 1)
(
3
4
)n
gm;n(y)
x2m − 1
x2 − 1 ; (2)
where
am =
1
m22m−1
(
2m− 2
m− 1
)
and
gm;n = 3(m− 1)vm+n+1 − 24(1− y)vm+n + 16(m+ 1)(1− y)vm+n−1;
v= 4y +
v3
16(1− y)(1− v) :
Based on (1), one may calculate rooted simple bipartite maps on the plane by edges.
For instance, there are 201 such maps with six edges in total among which 132 are
trees and 69 are non-tree maps determined by the maps shown in Fig. 1.
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Fig. 1. Nine distinct unrooted maps which will induce 69 rooted simple bipartite maps on the plane.
The contributions of the above maps to rooted maps are listed in the following table:
G1 G2 G3 G4 G5 G6 G7 G8 G9
12 6 12 12 6 6 12 1 2
In fact, one can =nd the number of those having m edges and at least one cycle
from (1) and Corollary 2.1 of Tutte, i.e.,
1
m!
D(m−1)t=0
{
(t + 1)2m
(1− t2=(1− t))m
(1− 3t)
(1− t)3
}
− 1
m+ 1
(
2m
m
)
provides such a formula. Generally, Theorem A presents a recursive relation of 0;
1; : : : ; k ; : : : which enable us to calculate those having at least k cycles. But it looks
more and more complicated with the increasing of the number of cycles excluded.
In order to prove Theorem A, we =rst divide B into three parts as
B=B1 +B2 +B3;
where B1 is #, the vertex map, and
B2 = {M | er(M) is a separating edge};
B3 = {M | er(M) is on a cycle};
where er(M) is the root-edge of M . If let B2〈r〉 = {M − er(M) |M ∈B2}, then by
[16, Section 7:4]
B2〈r〉 =B×B: (3)
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Fig. 2.
By a near-simple map, we mean a similar one which contains no pair of multi-edge
except for the root-edge. For M ∈B−#, write O2i+1(M) (i¿0) as the 2i+1st increment
of M , i.e., that obtained by adding an edge Kr′ between vr and V(P)2i+1r such that
vr′ = (r′; r; S); vr′ = (r′; (P)2i+1r; T );
where
vr = (r; S); V(P)2i+1r = ((P)
2i+1r; T )
are the root-vertex and the vertex incident with (P)2i+1r of M , respectively. From
the bipartiteness of M , it is easily checked that all O2i+1 (i¿0) are bipartite since all
the faces have even valencies.
Let BN be the set of all the rooted near-simple bipartite planar maps and
B˜=
∑
M∈B−#
{O2i+1(M) | i = 0; 1; : : : ; m(M)− 1}:
Then,
B3 =B˜−BN : (4)
In fact, for any M in B3, the root-edge er(M) is non-separating, M ′=M−er(M)∈B−
#. By the bipartiteness, there exists an integer i¿0 such that v(P)2i+1r′=vr with r′=Pr
in M . This implies M =O2i+1(M ′) and hence M ∈B˜−BN since M is simple.
Conversely, for a map M in B˜−BN , there is a map M ′ ∈B−# such that O2i+1(M ′)=
M for some 06i6m(M ′)−1. From the bipartiteness and planarity of M ′, we see that
M is bipartite and planar as well. In view of the simplicity of M , we have M ∈B3.
In order to calculate f3, the enumerating function of B3, we have to handle BN
=rst. Let BN〈r〉= {M − er(M) |M ∈BN}. For a map M ∈BN〈r〉, there is a map M ′ ∈BN
with M = M ′ − er(M ′). Since there is a multi-edge with er(M), we may see that
M ′ is the 1e-production of a 2-boundary map (i.e., that with its root-face valency 2)
M1 ∈B and another map M2 ∈B by identifying their root vertices vr1 = vr2 and the
edges e1 = e(P)−1r1 and er2 as shown in Fig. 2. Hence,
M =M ′ − er(M ′)∈ (B− #)Q (B− #):
On the other hand, for a map M ∈ (B − #)Q (B − #) which may be decomposed
into two maps M1; M2 ∈B− #, adding a new edge e on the root-face boundary of M1
(which is a 2-boundary map in B − #) may form a pair of multi-edge. We see that
M + e is a member of B3. This shows that
BN = (B− #)Q (B− #): (5)
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By (3)–(5),
f2 = x2y(f∗)2;
f˜=
∑
M∈B˜
x2m(M)ys(M)zn(M)
= xyz
∑
M∈B
m(M)−1∑
i=0
x2i+1ys(M)zn(M)
= x2yz
∑
M∈B
1− x2m(M)
1− x2 y
s(M)zn(M)
=
x2yz
1− x2 (f
∗ − f);
fN =
∑
M∈BN
x2m(M)ys(M)zn(M)
= z(f∗ − 1)(f − 1);
where f∗=f|x=1. Substitute those into f=f1+f2+f3 (in which fi is the enumerating
function of Bi ; 16i63), we see that
f = 1 + x2yf2 +
x2yz
1− x2 (f
∗ − f)− z(f∗ − 1)(f − 1):
This is equivalent to Theorem A.
Let the discriminant of the equation of Theorem A be as
 = (x2y + (1− x2)h)2 − 4x2y(1− x2)(x2y + 1− x2)h
in which h = f(1; y; 1). If x2 = " is treated as the multi-root of  , then from
 |x2=" = @ =@x|x2=" = 0, we may see that
h=
1 + "− "2
(2− ")2 ; "= 1 +
"2(2− ")
1 + "− "2y:
Let "= t + 1. Then
h=
1− t − t2
(1− t)2 ; t =
(1 + t)2(1− t)
1− t − t2 y:
Applying Lagrangian inversion for this, we have (1) of Theorem B.
We now consider (2) of Theorem B. One may extract f(x; y; 1) from the equation
of Theorem A and get that
f(x; y; 1) =
1
2x2(1− x2)y{x
2y + (1− x2)h−
√
 }: (6)
Suppose
 = (h+ ux2)2(1− vx2); (7)
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then by comparing the coeMcients of x2; x4; x6,
u2v= 4y(1− y)h;
u2 − 2uvh= (h+ y)2 + 4y(1− y)h;
2u− vh=−2y − 2h:
From the above relations one may see that
v= 4y +
v3
16(1− y)(1− v) ;
h=
2(u+ y)
v− 2 ; (8)
upon which f(x; y; 1) may be expanded into power series of x and y by Lagrangian
inversion. In fact, by (6) we see that
2x2y(1− x2)f(x; y; 1) = 2x2y +
∑
m¿1
(amuvm + am+1vm+1h)x2(m+1)
=
(
2y +
∑
m¿1
(amuvm + am+1vm+1h)
)
x2
+ (x2 − 1)
∑
m¿i¿1
m¿1
(amuvm + am+1vm+1h)x2i ;
in which am = (1=m22m−1)( 2m−2m−1 ) and (in the case x = 1),
2y +
∑
m¿1
(amuvm + am+1vm+1h) = 0:
Thus,
2yf(x; y; 1)
=−
∑
m¿1
(amuvm + am+1vm+1h)
x2m − 1
x2 − 1
=−
∑
m¿1
am
m+ 1
{
3(m− 1)yv2 − 6mv%+ 4(m+ 1)%
3v− 4
}
x2m − 1
x2 − 1 v
m−1; (9)
in which %= 4y(1− y). Let
gm;n = 3(m− 1)vm+n+1 − 24m(1− y)vm+n + 16(m+ 1)(1− y)vm+n−1:
Then,
f(x; y; 1) =
∑
m;n¿0
am
8(m+ 1)
(
3
4
)n
gm;n(y)
x2m − 1
x2 − 1 : (10)
This =nishes the proof of Theorem B.
194 H. Ren, Y. Liu /Discrete Mathematics 242 (2002) 187–200
Remark. After applying Lagrangian inversion for (8) we may get that
vm =
∑
k¿1
(4y)k
k!
D(k−1)t=0
{
mvm−1
(1− v2=(16(1− y)(1− v)))k
}
:
This together with (10) concludes a power series with positive coeMcients of x and y
when it is substituted into (10) in a straight way, although the solution looks rather
complicated.
3. Maps on the projective plane
In this section, we consider the rooted simple bipartite maps on the projective plane
and establish an equation satis=ed by enumerating function of a kind of rooted simple
bipartite maps on the projective plane.
An edge is called singular if it is on the boundary of the same face. A circuit
(cycle) C on a surface ' is called essential (or noncontractible as some people named
it) if '−C has no region homeomorphic to a disc; otherwise it is planar (or trivial).
A loop is called essential if it is an essential cycle; otherwise it is planar. A map
M is called edge-separable at the root-vertex, or ESRV in short, whenever an edge
e = (vr(M); u)∈E(M) with u on fr(M) but e ∈fr(M); {vr(M); u} is a cut-set of M ,
where vr(M); fr(M), respectively, are the root-vertex and the root-face of M .
Let BP be the set of rooted simple bipartite maps on the projective plane with
property ESRV. Then as we have reasoned in Section 2, the set BP may be partitioned
as
BP =B1P +B
2
P +B
3
P
with
B1P = {M | er(M) is a separating edge};
B2P = {M | er(M) is singular and on an essential cycle};
B3P = {M | er(M) is nonsingular}:
Since removing er(M) from a map M in B1P leaves two disjoint maps, among which
one is in B while the other is in BP , the contribution of B1P to BP is
B1P: f
1
P = 2x
2yffP: (11)
As for the case of B2P , a map M ∈B2P with removing of er(M) will lead to a
‘twisted’ map M ′ = M − er(M)∈B (shown in Fig. 3). Analogous to the structure
appearing in (4), we may introduce other two sets of maps, say B˜
∗
and B∗N , with
B2P =B˜
∗ −B∗N ; (12)
where B˜
∗
is the set of the maps determined by adding a new edge (i.e., the new
root-edge) into all the ‘twisted’ maps in B preserving the bipartiteness and B∗N is the
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Fig. 3. Removing of the root-edge will change a map of BP into a planar one in B− #.
set of those in B˜
∗
having exactly one multi-edge with the root-edge (the near-simple
bipartite maps de=ned in Section 2).
By the de=nition of B˜
∗
and B∗N , their respective contributions to B
2
P are
B˜
∗
:
x3y
2
@f
@x
;
B∗N : (f − 1)2:
Thus (from (11)),
f2P =
x3y
2
@f
@x
− (f − 1)2: (13)
Now what is left for us is to evaluate f3P , the enumerating function of B
3
P . Notice
that the main diSerence between the structure of B3P and B
2
P is that the former is
determined by introducing a new edge (i.e., the new root-edge) into those of BP while
the later is produced within a similar procedure based on some ‘twisted’ planar maps
in B as analyzed in (12). Similarly, let B˜P and B˜
N
P , respectively, denote the set of
the maps determined by adding a new edge into those in BP keeping planarity and the
subset of it having an exact one multi-edge with the new edge, respectively. Then,
B3P =B˜P −B˜
N
P : (14)
Since maps in BP have property ESRV (edge-separable at the vertex), cutting along
the edge parallel to the root-edge will result in two diSerent kinds of maps, one is in
BP while the other is a planar one in B besides #, the root-vertex map. Thus, B˜
N
P
may be partitioned into two parts as
B˜
N
P =B˜
N1
P +B˜
N2
P ; (15)
where
B˜
N1
P = (B− #)QBP;
B˜
N2
P =BP Q (B− #);
in which ‘Q’ is the 1e-production of maps depicted in Fig. 4.
Hence, the contributions of B˜
Ni
P (16i62) to B˜
N
P are, respectively,
B˜
N1
P : z(f
∗ − 1)fP;
B˜
N2
P : zhP(f − 1)
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Fig. 4.
and that of B˜P to BP is
B˜P:
∑
M∈B˜P
x2m(M)ys(M)zn(M)
= xyz
∑
M∈BP
m(M)−1∑
i=0
x2i+1ys(M)zn(M)
=
x2yz
1− x2 (hP − fP);
where hP = fP|x=1. Hence (by (14)),
f3P =
x2yz
1− x2 (hP − fP)− z(f
∗ − 1)fP − zhP(f − 1): (16)
Combine this with (11) and (13),
fP = 2x2yffP +
x3y
2
@f
@x
− (f − 1)2
+
x2yz
1− x2 (hP − fP)− z(f
∗ − 1)fP − zhP(f − 1):
This establishes the following result.
Theorem C. The enumerating functions f(x; y; z) and fP(x; y; z) (of B and BP;
respectively) satisfy the following equation:
fP = 2x2yffP +
x3y
2
@f
@x
− (f − 1)2
+
x2yz
1− x2 (hP − fP)− z(f
∗ − 1)fP − zhP(f − 1);
where
hP = fP|x=1; f∗ = f|x=1:
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Still let  be the discriminant of the equation in Theorem A and x2=" be the double
root of it, then after rearranging the coeMcients of fP and considering the case z = 1,(
−2x2yf(x; y; 1) + x
2y
1− x2 + h
)
fP
=
x3y
2
@f(x; y; 1)
@x
− (f(x; y; 1)− 1)2 +
(
x2y
1− x2 + f(x; y; 1)− 1
)
hP:
By the de=nition of " and (6), we have
−2x2yf(x; y; 1) + x
2y
1− x2 + h=
√
 
1− x2
and
hP =
{x3y=2@f(x; y; 1)=@x − (f(x; y; 1)− 1)2}|x=√"
1− y"=(1− ")− f(√"; y; 1) :
Recall that "=1+("2(2− "))=(1+ "− "2)y is the double root of  . By considering
(6), one may =nd a parametric expression of h through simpli=cations, i.e.,
Theorem D. The enumerating function of BP with " as parameter is
hP =
"(1 + "− "2)
(2− ")(1 + 2"− 2"2)
{
−1 + 1−
√
1− v"
2("− 1)
}
− "("− 1)
2
(2− ")(1 + 2"− 2"2) :
Still let "= t + 1. Then v"= (4(1 + t)(1− t))=(1− t − t2)y and further
hP =
∑
m¿3
∑
n¿0
2nCmtn(1 + t)n+1
(
1 +
t
1− t − t2
)m−2
ym−1
−
∑
n¿0
2ntn+1(1 + t)n+1y − t
2(1 + t)
(1− t)(1− 2t(1 + t)) ;
where Cm is Catalan number 1=m( 2m−2m−1 ).
By employing Lagrangian inversion for t = y*(t) with *(t) = ((1 + t)2(1 − t))=
(1− t− t2); hP may be further expanded into a power series with positive terms of y.
4. Nonplanar maps with fewer faces
In this section, we are concerned with the number of rooted simple bipartite maps
with one or two faces on the projective plane. Write f and fP as the power series
of z, i.e.,
f =
∑
i¿0
i(x; y)zi; fP =
∑
i¿0
i(x; y)zi:
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Then i(x; y)(i(x; y)) is the enumerating function of the maps in B(BP) with i
inner faces. By considering the coeMcients of z0 and z of the items in Theorems A, B
and C,
0 =
1
1− x2y0 ;
1 =
x2y
1− 2x2y0
{
0(1; y)− 0
1− x2 − y
2
0(1; y)
2
0
}
;
0 =
1
1− 2x2y0
{
x3y
2
@0
@x
− (0 − 1)2
}
;
1 =
1
1− 2x2y0
{
2x2y10 +
x3y
2
@1
@x
− 21(0 − 1)
+
x2y
1− x2 (0(1; y)− 0)− y
2
0(1; y)0 − x2y200(1; y)
}
:
From the recursive relations above and Lagrangian inversion one may easily conclude
some results on the maps with fewer faces.
Corollary 4.1 (Tutte [19]). The enumerating function of rooted trees is
0 =
∑
m¿0
1
m+ 1
(
2m
m
)
ymx2m:
Corollary 4.2. The enumerating function of rooted simple unicyclic bipartite maps
on the sphere is
1 =
∑
m;n¿0
∑
k¿n
n2n
k(m+ 1)
(
2m
m
)(
2k − n− 1
k
)
ym+k+1*m(x)x2k+2
−
∑
n¿0
∑
k¿n+2
(n+ 2)2n
k
(
2k − n− 3
k
)
20(1; y)y
kx2(k−1);
where
n0(x; y) =
∑
k¿n
n
k
(
2k − n− 1
k − 1
)
yk−nx2(k−n); *m =
1− x2m
1− x2 :
Corollary 4.3. The enumerating function of rooted simple bipartite maps with only
one face on the projective plane is
0 =
1
1− 2x2y0
{
x3y
2
@0
@x
− (0 − 1)2
}
=
∑
m¿0
{(
m+ 1
m
)
m+20 − m+40
}
2mym+2x2m+4:
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Corollary 4.4. The enumerating function of rooted simple bipartite maps with only
two faces on the projective plane is
1 =
1
1− 2x2y0
{
2x2y10 +
x3y
2
@1
@x
− 21(0 − 1)
+
x2y
1− x2 (0(1; y)− 0)− y
2
0(1; y)0 − x2y200(1; y)
}
:
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